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Abstract: This study introduces 𝛼 − 𝑎𝑛𝑑 𝛽(𝜗) duals of the double sequence spaces, 𝓅ஶ

ଶ  𝑎𝑛𝑑 𝓅
ଶ . The properƟes of 

these introduced double sequence spaces were established, their 𝛼 − 𝑎𝑛𝑑 𝛽 − 𝑑𝑢𝑎𝑙𝑠 were also determined. 
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1. Introduction and Background 

Bașar and Sever (2009) introduced the space ℒ of double sequences corresponding to the space ℓ of 
single sequences and examined some properƟes of the space ℒ. Furthermore, they determine the 
𝛽(𝜗) − 𝑑𝑢𝑎𝑙 of the space and establish that the 𝛼 − and 𝛾 −duals of the space ℒ coincide with the 
𝛽(𝜗) − 𝑑𝑢𝑎𝑙; where 1 ≤ 𝑞 < ∞ and 𝜗 ∈ {𝑝, 𝑏𝑝, 𝑟}. If 𝑃  denotes the Pascal mean (a four dimensional 
matrix), then 𝓅ஶ

ଶ , 𝓅ୡ
ଶ, 𝓅ୠୡ

ଶ  and 𝓅
ଶ are collecƟons of all double sequences whose 𝑃 -transforms are in the 

spaces 𝑙ஶ
ଶ ,  𝑐ଶ, 𝑐

ଶ and 𝑐
ଶ  respecƟvely; where 𝑙ஶ

ଶ ,  𝑐ଶ, 𝑐
ଶ and 𝑐

ଶ  are the double spaces of bounded, 
convergent, both bounded and convergent and null sequences respecƟvely in the Pringsheim’s sense, see 
Moricz (1991). We introduce a new double sequence space 𝑝

ଶ of Pascal as the set of all double sequences 
whose 𝑃 -transforms are in the space 𝑙

ଶ. 

Karakaya and Polat (2010) introduced some new Para normed sequence spaces defined by Euler difference 
operators and computed their 𝛼 −, 𝛽 −, and 𝛾 −duals. Also, some of the matrix transformaƟons have 
been characterized. Karakaya et al., (2013) extended the sequence spaces which are defined in Karakaya 
and Polat, (2010) and Polat and Bașar, (2007) by using difference operator of order 𝑚, and gave their 𝛼 −, 
𝛽 −, and 𝛾 −duals. Furthermore, they characterized some classes of the related matrix transformaƟons. 
The new sequence spaces they defined are  

𝑒
(∆, 𝑝) = ቐ𝑥 = (𝑥) ∈ 𝜔: lim

→ஶ
อ ቀ

𝑛
𝑘

ቁ (1 − 𝑟)ି𝑟∆𝑥



ୀ

อ



= 0ቑ                                     (1) 
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𝑒
(∆, 𝑝) = ቐ𝑥 = (𝑥) ∈ 𝜔: lim

→ஶ
อ ቀ

𝑛
𝑘

ቁ (1 − 𝑟)ି𝑟(∆𝑥 − 𝑙)



ୀ

อ



= 0, 𝑙 ∈ ℝቑ           (2) 

𝑒ஶ
 (∆, 𝑝) = ቐ𝑥 = (𝑥) ∈ 𝜔: sup


อ ቀ

𝑛
𝑘

ቁ (1 − 𝑟)ି𝑟∆𝑥



ୀ

อ



< ∞ቑ                                 (3) 

In 2018, Polat introduced the ordinary sequence spaces 𝑃ஶ, 𝑃  and 𝑃 , examining their properƟes and 
calculaƟng their duals using matrix mappings. However, these spaces were not extended to double 
sequence spaces. MoƟvated by this gap, the present study focused on introducing double sequence spaces 
by extending 𝑃ஶ, 𝑃  and 𝑃 , naming them Pascal double sequence spaces, and exploring their properƟes. 
AddiƟonally, the study defined a Pascal four-dimensional matrix and characterized matrix classes in a 
manner disƟnct from Polat's 2018 work. 

The study is confined to concepts of double sequence spaces, properƟes of spaces and four-dimensional 
infinite matrices. The importance of the study is introducƟon of new summability method, new double 
sequence spaces and proofs of some properƟes of Pascal double sequence spaces. 

2. Double Sequence Spaces 

The following definiƟons would be found relevant to the study: 

DefiniƟon 1 (Linty et al., 2019): Double sequence of real or complex numbers is a funcƟon defined on 𝑁 ×
𝑁 whose range is the set of real or complex numbers. If 𝑋: 𝑁 × 𝑁 → ℂ, the image 𝑋(𝑛, 𝑚) of a posiƟve 
integer 𝑛, 𝑚 is usually denoted by 𝑋,. For a fixed n, (𝑥ଵ, 𝑥ଶ, 𝑥ଷ, … , 𝑥 … ) form the 𝑛௧ row of the 
double sequence. For a fixed m, (𝑥ଵ, 𝑥ଶ , 𝑥ଷ , … , 𝑥, … ) form the 𝑚௧ column of the double 
sequence.  

DefiniƟon 2 (Linty et al., 2019): Let 𝑁 × 𝑁 → ℂ be a sequence of complex numbers let  𝑋(𝑛, 𝑚) be the 
double sequence represented by the equaƟon 𝑋(𝑛, 𝑚) = ∑ ∑ 𝑎(𝑖, 𝑗)

ୀଵ

ୀଵ . The pair (a, x) is called the 

double series and it is represented by ∑ 𝑎,
ஶ
,ୀଵ . Each number 𝑎(𝑛, 𝑚) is called the term of the series 

and 𝑋(𝑛, 𝑚) is known as parƟal sum.  

DefiniƟon 3 (Bașar and Çolak, 2011): 𝑐
ଶ is the space of double sequences which are both 

convergent in the Pringsheim’s sense and bounded, wriƩen 𝑐
ଶ = 𝑐ଶ ∩ 𝑙ஶ

ଶ . 

DefiniƟon 4 (Bașar and Çolak, 2011): A sequence in the space 𝑐ଶ is said to be regularly 
convergent if it is a single convergent sequence with respect to each index and denote the set 
of all such sequences by 𝑐

ଶ. 

DefiniƟon 5 (Basar and Sever, 2009): A double sequence space 𝑋 is solid if, and only if 𝑋෨ =

൛𝑢 = ൫𝑢൯ ∈ 𝜔ଶ: ∃ 𝑥 = ൫𝑥൯ ∈ 𝑋 such thatห𝑢ห ≤ ห𝑥ห 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑗, 𝑘 ∈ ℕൟ ⊂ 𝑋. 

DefiniƟon 6 (Yeşilkayagil and Basar, 2016): The space  𝑋 of double sequence spaces is monotone if 
 𝑥𝑢 = ൫𝑥𝑢൯ ∈ 𝑋 for every 𝑥 = ൫𝑥൯ ∈ 𝑋 and 𝑢 = ൫𝑢൯ ∈ 𝜒ଶ, where 𝜒ଶ denotes the double 
sequence space of 0s and 1s. 

DefiniƟon 7 (Bașar and Çolak, 2012): Let 𝑋, 𝑌 be two spaces of double sequences, with 
convergence rules 𝜗ଵ − lim  and 𝜗ଶ − 𝑙𝑖𝑚, respecƟvely, and 𝐴 = ൫𝑎൯ also be a four-
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dimensional matrix over the real or complex field. Define the set 𝑋
ణ = ቄ𝑥 = ൫𝑥൯ ∈ Ω: 𝐴𝑥 =

൫𝜗 − ∑ 𝑎𝑥, ൯
,∈ℕ

 𝑒𝑥𝑖𝑠𝑡𝑠 𝑎𝑛𝑑 ∈ 𝑌ቅ 

then 𝑋
ణ is called 𝜗 matrix domain of 𝑋 and we say that 𝐴 maps the space 𝑋 into the space 𝑌 if 𝑌 ⊂ 𝑋

ణ. 
Denote the set of all four-dimensional matrices, mapping the space 𝑋 into the space 𝑌 by (𝑋: 𝑌). Then 
(𝑋: 𝑌) is called matrix class. Then if any 𝐴 ∈ (𝑋: 𝑌), then (𝑎), is in the 𝛽(𝜗) dual or 𝛽 −dual 
represented by 𝑋ఉ(ణ) of the space 𝑋 for all 𝑚, 𝑛 ∈ ℕ.  

DefiniƟon 8 (Bașar and Çolak, 2012): Let ∑ 𝑎𝑥  be a double series, then the Abel's summaƟon 
formula for double series is given by  

 𝑎𝑥



,ୀ

=  𝑠Δଵଵ𝑎

ିଵ ିଵ

,ୀ

+  𝑠Δଵ𝑎

ିଵ

ୀ

+  𝑠Δଵ𝑎

ିଵ

ୀ

+ 𝑠𝑎 ∀ 𝑚, 𝑛 ∈ ℕ 

DefiniƟon 9 (𝐘𝐞ş𝐢𝐥𝐤𝐚𝐲𝐚𝐠𝐢𝐥 𝐚𝐧𝐝 𝐁𝐚ş𝐚𝐫, 𝟐𝟎𝟏𝟓): The four dimensional summaƟon matrix 𝑆 = (𝑠) is 
defined by 𝑠 ≔ ቄଵ,   ஸஸ,   ஸஸ,

,   ୭୲୦ୣ୰୵୧ୱୣ          
 for all 𝑘, 𝑙, 𝑚, 𝑛 ∈ ℕ. Since 𝑆 is a triangle, one can derive that the 

inverse 𝑆ିଵ is the four dimensional backward difference matrix Δ = (𝑑) defined by 𝑑 ≔

ቄ(ିଵ)శష(ೖశ),   ஸஸ,   ஸஸ,
,                     ୭୲୦ୣ୰୵୧ୱୣ

 for all 𝑘, 𝑙, 𝑚, 𝑛 ∈ ℕ. Define the sequence 𝑦 = (𝑦) via the sequence 𝑥 =

(𝑥) ∈ Ω by 𝑦 ≔ (𝑆𝑥) = ∑ 𝑥
,
,ୀ … (𝑖) for all 𝑚, 𝑛 ∈ ℕ. Let us suppose that the four dimensional 

matrices 𝐴 = (𝑎) and 𝐵 = (𝑏) transform the sequences 𝑥 = (𝑥) and 𝑦 = (𝑦) which are 
connected with (𝑖) to the sequences 𝑢 = (𝑢) and 𝑣 = (𝑣), respecƟvely, that is, 

𝑢 = (𝐴𝑥) = ∑ 𝑎𝑥
ஶ
,ୀ  for all m, n ∈ ℕ, … (𝑖𝑖)  

𝑣 = (𝐵𝑦) = ∑ 𝑏𝑦
ஶ
,ୀ  for all m, n ∈ ℕ. … (𝑖𝑖𝑖)  

It is clear that the method 𝐵 is applied to the S − transform of the sequence 𝑥, while the method 𝐴 is 
directly applied to the elements of the sequence 𝑥. That is to say that the methods 𝐴 and 𝐵 are essenƟally 
different. Let us assume that the usual matrix product 𝐵𝑆 exists which is a much weaker assumpƟon than 
the condiƟons on the matrix 𝐵 belonging to any class of matrices, in general. We say in this situaƟon that 
the matrices 𝐴 and 𝐵 in (𝑖𝑖) and (𝑖𝑖𝑖) are the dual summability methods if 𝑢 is reduced to 𝑣 and vice versa 
under the applicaƟon of the formal summaƟon by parts. 

3. 𝜶 − 𝒂𝒏𝒅 𝜷(𝝑) Duals of the Double Sequence Spaces 𝓹ஶ
𝟐  𝒂𝒏𝒅 𝓹𝒃𝒄

𝟐  

We need the following general statements of [Hamilton, 1936; Zeltser, 2002 and Zeltser, et al., 2009] to 
calculate the 𝛼 − 𝑎𝑛𝑑 𝛽(𝜗) Duals of the Double Sequence Spaces 𝓅ஶ

ଶ  𝑎𝑛𝑑 𝓅
ଶ . 

Lemma 1: [Hamilton, 1936]: Let 𝓅 = (𝓅) be a four-dimensional Pascal matrix, then 𝓅 ∈ (𝑐, 𝑐ణ) if 
and only if 

𝑠𝑢𝑝

𝑚, 𝑛 ∈ ℕ
ห𝓅ห

,

< ∞                                                                                                                    (3.1) 

∃ 𝛼 ∈ ℂ ∋  𝜗 − lim
,

𝓅 = 𝛼 , ∀ 𝑗, 𝑘 ∈ ℕ                                                                                 (3.2) 

∃ ℓ ∈ ℂ ∋  𝜗 − lim
,→ஶ

 𝓅

,

= ℓ 𝑒𝑥𝑖𝑠𝑡𝑠                                                                                   (3.3) 
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∀ 𝑗 ∈ ℕ, ∃ 𝑘 ∈ ℕ ∋  𝓅 = 0 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑘 > 𝑘 𝑎𝑛𝑑 𝑚, 𝑛 ∈ ℕ                                          (3.4) 

∀ 𝑘 ∈ ℕ, ∃ 𝑗 ∈ ℕ ∋  𝓅 = 0 𝑓𝑜𝑟 𝑒𝑣𝑒𝑟𝑦 𝑗 > 𝑗 𝑎𝑛𝑑 𝑚, 𝑛 ∈ ℕ                                             (3.5) 

Lemma 2: [Hamilton, 1936]: Let𝓅 = (𝓅) be a four-dimensional infinite matrix, then 𝓅 ∈ (𝑐: 𝑐ణ) if 
and only if (3.1), (3.2) and (3.3) holds and, 

∃ 𝑗 ∈ ℕ ∋  𝜗 − lim
,→ஶ

ห𝓅బ − 𝓅బห



= 0                                                                            (3.2.1) 

∃ 𝑘 ∈ ℕ ∋  𝜗 − lim
,→ஶ

ห𝓅బ
− 𝓅బ

ห



= 0                                                                           (3.2.2) 

In (3.2.2), 

𝑥 ∈ 𝑐 satisϐies 𝓅 = (𝓅) ∈ ℒ௨and 𝜗 − lim
,→ஶ

[𝓅𝑥] = ∑ 𝓅𝑥, + (ℓ − ∑ 𝓅 ) − lim
,

𝑥. 

Lemma 3: [Cakan, et al., 2006]: Let 𝓅 = (𝓅) be a four-dimensional infinite matrix, then 𝓅 ∈

(𝑀௨: 𝐶) if and only if (3.1), (3.2) and (3.3) ) holds and 

∃ 𝓅 ∈ ℂ ∋  𝑏𝑝 − lim
,→ஶ

ห𝓅 − 𝓅ห

,

= 0                                                                         (3.3.1) 

𝑏𝑝 − lim
,→ஶ

 𝓅





exist for each 𝑗 ∈ ℕ                                                                                    (3.3.2) 

𝑏𝑝 − lim
,→ஶ

 𝓅





exist for each 𝑘 ∈ ℕ                                                                                   (3.3.3) 

ห𝓅ห

,

 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑠                                                                                                                        (3.3.4) 

 

In this secƟon, 𝛼 − 𝑎𝑛𝑑 𝛽(𝜗) of the double sequences 𝓅ஶ
ଶ  𝑎𝑛𝑑 𝓅

ଶ  are calculated.  

Theorem 1: Define the sets𝜏ଵ, 𝜏ଶ, 𝜏ଷ, 𝜏ସ, 𝜏ହ by  

𝜏ଵ = ቐ𝑥 = (𝑥) ∈ 𝛺:
𝑠𝑢𝑝

𝑚, 𝑛
|𝓅(𝑚, 𝑛, 𝑗, 𝑘)|

,

< ∞ቑ                                                                    (3.3.5) 

𝜏ଶ = ቄ𝑥 = ൫𝑥൯ ∈ 𝛺: ∃ 𝛼 ∈ ℂ ∋  𝜗 − 𝑙𝑖𝑚
,→ஶ

𝓅 = 𝛼 , ∀𝑗, 𝑘 ∈ ℕቅ                               (3.3.6) 

𝜏ଷ = ቐ𝑥 = ൫𝑥൯ ∈ 𝛺: ∃ ℓ ∈ ℂ ∋  𝜗 − 𝑙𝑖𝑚
,→ஶ

 𝓅



= ℓ , 𝑒𝑥𝑖𝑠𝑡𝑠ቑ                                  (3.3.7) 

𝜏ସ = ൝𝑥 = ൫𝑥൯ ∈ 𝛺: ∃ 𝑗 ∈ ℕ ∋  𝜗 − 𝑙𝑖𝑚
,→ஶ

ห𝓅బି𝓅బห



= 0ൡ                                   (3.3.8) 
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𝜏ହ = ቐ𝑥 = ൫𝑥൯ ∈ 𝛺: ∃ 𝑘 ∈ ℕ ∋  𝜗 − 𝑙𝑖𝑚
,→ஶ

ห𝓅 బ
− 𝓅బ

ห



= 0ቑ                             (3.3.9) 

with 

i. (𝓅ஶ
ଶ )ఈ = 𝜏ଵ 

ii. (𝓅
ଶ )ఉ(ణ) = ⋂ 𝜏ୀଵ

ହ  

Proof 

i. To prove that (𝓅ஶ
ଶ )ఈ = 𝜏ଵ. Let us take a double sequence 𝑎 = (𝑎) ∈ 𝜏ଵ and another double 

sequence 𝑥 = (𝑥) ∈ 𝓅ஶ
ଶ . Then there exists a double sequence 𝑦 = (𝑦) ∈ 𝑀௨, while 

noting that 

𝑥 = (−1)(ି)ା(ି) ൬
𝑚

𝑚 − 𝑗
൰ ቀ

𝑛

𝑛 − 𝑘
ቁ 𝑦

,

,

                                                                         (3.4.0) 

with 𝑚, 𝑛 ∈ ℕ, that there exists a real posiƟve number𝑀 > 0 such that 

𝑆𝑢𝑝

𝑗, 𝑘 ∈ ℕ
ห𝑦ห ≤ 𝑀                                                                                                                               (3.4.1) 

with these at hand, we have 

ห𝑎𝑥ห = ห𝑎ห

,

ቮ(−1)(ି)ା(ି) ൬
𝑚

𝑚 − 𝑗
൰ ቀ

𝑛

𝑛 − 𝑘
ቁ 𝑦

,

,

ቮ                                        (3.4.2) 

ห𝑎𝑥ห ≤ 𝑀 ห𝑎ห

,

 (−1)(ି)ା(ି)

,

,ୀ

 

ห𝑎𝑥ห < ∞ 

This implies that 𝑎 = (𝑎) ∈ (𝓅ஶ
ଶ )ఈ or 𝜏ଵ ⊂ (𝓅ஶ

ଶ )ଶ holds. 

Conversely, suppose that (𝑎) ∈ (𝓅ஶ
ଶ )ఈ\𝜏ଵ. Then, we have ∑ ห𝑎𝑥ห, < ∞ for all 𝑥 = (𝑥) ∈ 𝓅ஶ

ଶ . 
This is clear if we take 𝑥 = ൫𝑥൯ = ((−1)ି) ∈ 𝓅ஶ

ଶ  that ∑ ห𝑎𝑥ห, = ∑ ห𝑎ห, = ∞. This means 
(𝑎) ∉ (𝓅ஶ

ଶ )ఈ. This is a clear contradicƟon to our assumpƟon. So (𝑎) ∈ 𝜏ଵ; or (𝓅ஶ
ଶ )ఈ ⊂ 𝜏ଵ. This 

proves the theorem. 

ii. Let 𝑎 = ൫𝑎൯ ∈ 𝜔ଶand 𝑥 ∈ (𝓅
ଶ ). Then 𝑦 = 𝓅𝑥 ∈ 𝐶, and we have by (𝑚, 𝑛)௧ partial sum 

that 

 𝑎𝑥

,

,

=  𝑎

,

,ୀ

(−1)(ି)ା(ି௦) ቀ
𝑚

𝑚 − 𝑟
ቁ ቀ

𝑛

𝑛 − 𝑠
ቁ 𝑦௦

,

,௦

                                               (3.4.3) 
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 𝑎𝑥

,

,

=    (−1)(ି)(௦ି) ቀ
𝑚

𝑚 − 𝑟
ቁ ቀ

𝑛

𝑛 − 𝑠
ቁ 𝑎௦

,

,௦ୀ,

 𝑦,

,

,ୀ

                                                   ∗ 

 𝑎𝑥

,

,

= 𝐷𝑦, , say.                                                                                                                      (3.4.4) 

where 𝐷 is defined by 𝐷 = (𝑑
) is defined by 

𝑑
 = ൞

 (−1)(ି)(௦ି) ቀ
𝑚

𝑚 − 𝑟
ቁ ቀ

𝑛

𝑛 − 𝑠
ቁ 𝑎௦

,

,௦ୀ,

, 𝑓𝑜𝑟 0 ≤ 𝑘 ≤ 𝑚 𝑎𝑛𝑑 0 ≤ 𝑙 ≤ 𝑛

0,                                                                                  𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒, ∀ 𝑗, 𝑘, 𝑚, 𝑛 ∈ ℕ

       (3.4.5) 

Since (*) holds, one can conclude that 𝑎𝑥 ∈ 𝐶𝑆ణ, where 𝑥 = (𝑥) ∈ 𝓅
ଶ  if and only if 𝐷𝑦 ∈ 𝐶ణ 

whenever 𝑦 = (𝑦) ∈ 𝐶. This allows 𝑎 = (𝑎) ∈ 𝓅
ଶ ఉ(ణ)

 if and only if 𝐷 ∈ (𝐶, 𝐶ణ). Hence the 
condiƟon 𝜏ୀଵ

ହ  of the theorem holds. 

𝜏ଵ = ቐ𝑥 = (𝑥) ∈ Ω:
sup

m, n
|𝓅(m, n, j, k)|

୨,୩

< ∞ቑ                                                                     (3.4.6) 

𝜏ଶ = ቄ𝑥 = ൫𝑥൯ ∈ Ω: ∃ 𝛼 ∈ ℂ ∋  𝜗 − lim
,→ஶ

𝓅 = 𝛼 , ∀𝑗, 𝑘 ∈ ℕቅ                               (3.4.7) 

𝜏ଷ = ቐ𝑥 = ൫𝑥൯ ∈ Ω: ∃ ℓ ∈ ℂ ∋  𝜗 − lim
,→ஶ

 𝓅



= ℓ , 𝑒𝑥𝑖𝑠𝑡𝑠ቑ                                  (3.4.8) 

𝜏ସ = ൝𝑥 = ൫𝑥൯ ∈ Ω: ∃ 𝑗 ∈ ℕ ∋  𝜗 − lim
,→ஶ

ห𝓅బି𝓅బห



= 0ൡ                                   (3.4.9) 

𝜏ହ = ቐ𝑥 = ൫𝑥൯ ∈ Ω: ∃ 𝑘 ∈ ℕ ∋  𝜗 − lim
,→ஶ

ห𝓅బ
− 𝓅బ

ห



= 0ቑ                           (3.5.0) 

 

Conclusion 

The study successfully introduces the 𝜶 − 𝒂𝒏𝒅 𝜷(𝝑) -duals of the double sequence spaces 𝓹ஶ
𝟐  𝒂𝒏𝒅 𝓹𝒃𝒄

𝟐 , 
extending concepts from tradiƟonal sequence spaces into the realm of double sequences. By establishing 
the properƟes and providing explicit formulas for these duals, the research contributed to a deeper 
understanding of the relaƟonships between various types of sequence spaces and their duals. The use of 
Pascal matrices and the applicaƟon of specific convergence rules further enriches the mathemaƟcal 
structure of these spaces. AddiƟonally, the condiƟons and proofs presented in the study offer valuable 
insights for future work in the field of summability theory and the study of matrix transformaƟons. The 
established theorems and lemmas serve as foundaƟonal tools for further exploraƟon of dual spaces and 
their applicaƟons to different types of sequences, parƟcularly in the context of Pascal matrix 
transformaƟons. 
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