Network for Research and Development in Africa
International Journal of Pure and Applied Science Research
ISSN: 2384-5918, Volume 11, Issue 13

PP 297-303 (December, 2024)

DOI: 45727711-11154

arcnjournals@gmail.com

https://arcnjournals.org

On a — and B (9) Duals of the Double Sequence Spaces
»% and pi,
Jidda Bashir' & Abubakar Masha?

!Department of General Studies, Mohammed Goni College of Legal, Islamic and Educational Studies,
Maiduguri, Nigeria
2Department of Mathematics and Computer Science, Borno State University, Nigeria

Abstract: This study introduces a — and [ (9) duals of the double sequence spaces, p% and p}.. The properties of
these introduced double sequence spaces were established, their « — and  — duals were also determined.

Keywords: Dual Space, Sequence Space, Pascal, Double Sequence, Matrix, Summability, Convergence.

1. Introduction and Background

Basar and Sever (2009) introduced the space L, of double sequences corresponding to the space ¢, of
single sequences and examined some properties of the space L,. Furthermore, they determine the
B(9) — dual of the space and establish that the a — and y —duals of the space £, coincide with the
B() — dual; where 1 < g < o and 9 € {p, bp,r}. If P denotes the Pascal mean (a four dimensional
matrix), then p2, pZ, p&. and p2 are collections of all double sequences whose P -transforms are in the
spaces 1%, c?, ¢z and c? respectively; where [2, c?, ¢ andc3 are the double spaces of bounded,
convergent, both bounded and convergent and null sequences respectively in the Pringsheim’s sense, see
Moricz (1991). We introduce a new double sequence space pé of Pascal as the set of all double sequences
whose P -transforms are in the space lé.

Karakaya and Polat (2010) introduced some new Para normed sequence spaces defined by Euler difference
operators and computed their « —, § —, and y —duals. Also, some of the matrix transformations have
been characterized. Karakaya et al., (2013) extended the sequence spaces which are defined in Karakaya
and Polat, (2010) and Polat and Basar, (2007) by using difference operator of order m, and gave their a —,
B —, and y —duals. Furthermore, they characterized some classes of the related matrix transformations.
The new sequence spaces they defined are
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In 2018, Polat introduced the ordinary sequence spaces P, P. and P;, examining their properties and
calculating their duals using matrix mappings. However, these spaces were not extended to double
sequence spaces. Motivated by this gap, the present study focused on introducing double sequence spaces
by extending P, P, and P,, naming them Pascal double sequence spaces, and exploring their properties.
Additionally, the study defined a Pascal four-dimensional matrix and characterized matrix classes in a
manner distinct from Polat's 2018 work.

The study is confined to concepts of double sequence spaces, properties of spaces and four-dimensional
infinite matrices. The importance of the study is introduction of new summability method, new double
sequence spaces and proofs of some properties of Pascal double sequence spaces.

2. Double Sequence Spaces

The following definitions would be found relevant to the study:

Definition 1 (Linty et al., 2019): Double sequence of real or complex numbers is a function defined on N X
N whose range is the set of real or complex numbers. If X: N X N — C, the image X(n, m) of a positive
integer n, m is usually denoted by X, ,,,. For a fixed n, (X1, X2, Xn3, e X ... ) form the nt" row of the
double sequence. For a fixed M, (X1, X2m> X3m» e Xnm» ) form the m*" column of the double
sequence.

Definition 2 (Linty et al., 2019): Let N X N — C be a sequence of complex numbers let X(n,m) be the
double sequence represented by the equation X(n,m) = ?=1Z§-"=1a(i,j). The pair (a,x) is called the
double series and it is represented by }.7,—1 @, ;. Each number a(n, m) is called the term of the series
and X (n, m) is known as partial sum.

Definition 3 (Basar and Colak, 2011): clf is the space of double sequences which are both
convergent in the Pringsheim’s sense and bounded, written c,f =c?nli3.

Definition 4 (Basar and Colak, 2011): A sequence in the space c? is said to be regularly
convergent if it is a single convergent sequence with respect to each index and denote the set
of all such sequences by c2.

Definition 5 (Basar and Sever, 2009): A double sequence space X is solid if, and only if X =
{u = (ujk) €Ewkix = (xjk) € X such that|ujk| < |xjk| forallj k€ N} c X.

Definition 6 (Yesilkayagil and Basar, 2016): The space X of double sequence spaces is monotone if
xu = (xjkujk) € X forevery x = (xjk) EXandu = (ujk) € x?, where x? denotes the double
sequence space of Os and 1s.

Definition 7 (Basar and Colak, 2012): Let X, Y be two spaces of double sequences, with
convergence rules 9; — lim and 9, — lim, respectively, and A = (amnjk) also be a four-
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dimensional matrix over the real or complex field. Define the set X;f = {x = (xjk) €L Ax =
(79 —Xjk amnjkxjk)m,nEN exists and € Y}

then X;f is called ¥ matrix domain of X and we say that A maps the space X into the space Y if Y c Xf.
Denote the set of all four-dimensional matrices, mapping the space X into the space Y by (X:Y). Then
(X:Y) is called matrix class. Then if any Ay, i € (X:Y), then (aynji) j i is in the () dual or f —dual
represented by X of the space X for allm,n € N.

Definition 8 (Basar and Colak, 2012): Let ij aji X, be a double series, then the Abel's summation
formula for double series is given by

mn m-1n-1 m-1 n-1

Z AjXjx = 2 SjikQ11aj + Z Sinl10ajn + 2 SmiDo1mr + Smnmn VM, n €N
Jj k=0 J.k=0 j=0 k=0

Definition 9 (Yesilkayagil and Basar, 2015): The four dimensional summation matrix S = (S;nk1) is
1, 0sk<sm, 0=<lsn,
0, otherwise

inverse S™! is the four dimensional backward difference matrix A = (dpnk;) defined by dypi =

{(—1)"”"‘("”), 0<ksm, 0<l<n,
0, otherwise

(%) € Aby Yo = (SX)n = Zfiioxkl ... (i) for allm, n € N. Let us suppose that the four dimensional
matrices A = (@mnirr) and B = (b)) transform the sequences x = (xy;) and y = (yi;) which are
connected with (i) to the sequences u = (u;,,) and v = (v;,,,,), respectively, that is,

defined by sk = { for all k,I,m,n € N. Since S is a triangle, one can derive that the

for all k, I, m,n € N. Define the sequence y = (¥;u,) Via the sequence x =

Umn = (AX)mn = Lki=0 AmnkiXr forallm,n € N, ... (ii)

VUmn = (BY)mn = Zki1=0 bmnkiYi forallm,n € N. ... (iii)

It is clear that the method B is applied to the S — transform of the sequence x, while the method A is
directly applied to the elements of the sequence x. That is to say that the methods A and B are essentially
different. Let us assume that the usual matrix product BS exists which is a much weaker assumption than
the conditions on the matrix B belonging to any class of matrices, in general. We say in this situation that
the matrices A and B in (ii) and (iii) are the dual summability methods if u is reduced to v and vice versa
under the application of the formal summation by parts.

3. a — and B(9) Duals of the Double Sequence Spaces p2, and ylz,c

We need the following general statements of [Hamilton, 1936; Zeltser, 2002 and Zeltser, et al., 2009] to
calculate the @ — and B (9) Duals of the Double Sequence Spaces p2 and p2..

Lemma 1: [Hamilton, 1936]: Let p = (Pmnjk) be a four-dimensional Pascal matrix, then p € (¢, ¢y) if
and only if

sup
mn € N2|pmnjk| < (3-1)
) j'k
Elajke(CB ﬁ—l}lrggomnjk=ajk,‘v’j,k€l\l (32)
3/€eC>3 99— lim Zgomnjk = { exists (3.3)
m,n—oo —
]
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VjeEN,IkyEN 3 pupjx =0 foreveryk > kyand m,n € N (3.4)
Vk€EN,IjoEND punjx =0 foreveryj> j,andmn €N (3.5)

Lemma 2: [Hamilton, 1936]: Letp = (P.n i) be a four-dimensional infinite matrix, then p € (cpp: cy) if
and only if (3.1), (3.2) and (3.3) holds and,

3j,EN3 O —mlmwz:wmnjok —pil =0 (3.2.1)
k
JkoEND O — ml;lnjwz:wmnjko — Pk =0 (3.2.2)
7

In (3.2.2),

,N— 00

X € cpy satisfies p = (pji) € Lyand 9 — mlim [Px]mn = Zjk PjxXjxk + (€ = Xjk Pjx)op — Lllr%l Xmn-

Lemma 3: [Cakan, et al., 2006]: Let p = (#mnjk) be a four-dimensional infinite matrix, then p €
(My: Cpp) if and only if (3.1), (3.2) and (3.3) ) holds and

3pix€C 3 bp— mlrigloozlpmnfk - pjk| =0 (3.3.1)
: e
n
bp — lim Z Pmnjk existfor each j € N (3.3.2)
m,n—oo
k
m
bp — lim z Pmnji exist for each k € N (3.3.3)
m,n—co
j
Z|gomnjk| converges (3.3.4)

ik

In this section, @ — and () of the double sequences pZ and p%, are calculated.

Theorem 1: Define the setstq, T,, T3, T4, Tg by

SU
n={x=0g0 e TN [pimnjiol < oo (33.5)
mn R
T, = {x = (xj) €R: T eC 39— m%rilrfw Pmnjk = A, Vi, k € N} (3.3.6)
T3 =4x= (xjk) EN:ILeC 39— lim Zﬂ”mnjk = ¥ ,exists (3.3.7)
m,n—oo
ik
T, ={x=(x) €EN:TjoEN 3 9 - mzrilrgw2|pmn,-ok_gaj0k| = 0} (3.3.8)
' k
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m,n—oo

to={x=(x) €Tk €N 39— lim Z|gomnj = pie| =0 (3.3.9)
Jj

with

I. (Wgo)a =T
i. (PE)F® =Nt

Proof

i. Toprovethat (p2)% = 1. Let us take a double sequence a = (ajx) € 71 and another double
sequence x = (Xj;) € p%. Then there exists a double sequence y = (yjx) € M,, while
noting that

Xji = Z(—1)(m—j)+(n—k) (mni) (n ﬁ k) Vi (3.4.0)

with m,n € N, that there exists a real positive numberM > 0 such that

Sup

ikeN lvj| <M (3.4.1)

with these at hand, we have

mmn
. m n
2|ajkxjk| = 2|ajk| Z(_l)(m—])+(n—k) (m _j) (") (3.4.2)
Jk Jk

mn
Z|ajkxjk| < M2|ajk| Z (-DIm=p*eio
j.k

j,k=0
2|ajkxjk| <

This implies that a = (a) € (%)% or 1, € (p5)? holds.

Conversely, suppose that (a;;) € (pZ)*\1,. Then, we have Zj,k|ajkxjk| < o forall x = (xji) € pZ.
This is clear if we take x = (xj) = (—1)™7/) € p& that ¥ x|apx;| = X k|aji| = co. This means
(ajx) & (p&)*. This is a clear contradiction to our assumption. So (aj;) € 7q; or (p5)* C ;. This
proves the theorem.

i. Leta= (a]-k) € w?and x € (ga,z,p). Theny = px € Cpp, and we have by (m, n)t" partial sum
that

mn mn mn

z : z : _ _ m n
ajkxjk = ajk (_1)(711 r)+(n-s) (m _ r) (n _ s) Vrs (343)
S

Jk Jj,k=0 T,
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Za]kx]k = z z (—1)r—mGs= n)( Tir) (nn s) Ars | Vi1 *

Jj,k=0|rs=jk

3
=

NgE

Ak Xjie = DYmn ,say. (3.4.4)
jk

where D is defined by D = (dj3,") is defined by

Z (~DemeEm (o m )(nnS)ars,forOSkSmandOSISn

—r (3.4.5)

0, elsewhere,V j, k,m,n € N

Since (*) holds, one can conclude that ax € CSy, where x = (xji) € pi.ifandonly if Dy € Cy

whenevery = (Yjk) € Cpp- Thisallows a = (a) € P2, £ if and only if D € (Cpp, Cy). Hence the

condition 7{_, of the theorem holds.

sup _
Ty =% = (xj) € m'nzuo(m, n,j, k)| <o (3.4.6)
ik
T, = { =(xx) EQuIayeC 39— ,,J}EEOO Pmnji = Ui, Vj, k € N} (3.4.7)
T3 = {x = (x]k) €N:3£eC >3 Y- lim Egamnjk = {,exists (3.4.8)
m,n—-oo
jk
Ty =4x = (x]k) EQ:Ij,eEN 3 I - I}JEOOZWanOk—WjM = 0} (3.4.9)
Tg =<4Xx = (x]k) €Q:Ik,EN DY _mllfiloozlz”mnfko —pjk0| =0 (3.5.0)

Conclusion

The study successfully introduces the @ — and B(9) -duals of the double sequence spaces p% and ;912,6,
extending concepts from traditional sequence spaces into the realm of double sequences. By establishing
the properties and providing explicit formulas for these duals, the research contributed to a deeper
understanding of the relationships between various types of sequence spaces and their duals. The use of
Pascal matrices and the application of specific convergence rules further enriches the mathematical
structure of these spaces. Additionally, the conditions and proofs presented in the study offer valuable
insights for future work in the field of summability theory and the study of matrix transformations. The
established theorems and lemmas serve as foundational tools for further exploration of dual spaces and
their applications to different types of sequences, particularly in the context of Pascal matrix
transformations.
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