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Abstract: Let X, = {1,2, . . .,n} be a finite chain and ODCI, be the semigroup of all order-preserving and order-
decreasing partial injective contraction mappings. In this work the characterisation of the maximal subsemigroups
of the semigroup ODCI, is obtained.
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1  Introduction

Let [n] = {1,2,...,n} be an n-elements set. A mapping a: [n] — [n] is called transformation on [#], the
set of all transformations under the composition of mappings is called semigroup. Let I, denote the
symmetric inverse semigroup the analogue of symmetric inverse group. A mapping whose domain is
a subset of [n] is called partial transfornation, if the domain is whole of [#] is full transformation. The

semigroup of all partial (full) transformations is denoted byP["] ('ﬁnl) respectively, where as, Ij
consist of all partial one-one(injective) transformations. we denote by dom(a) and im(a) the domain
and image of a respectively. A transformation o € Ij,jis said to be orderpreserving(respectively order-
reversing) if x <y == xa < ya (respectively xa > ya) for all x,y € dom(a), is said to be order-
decreasing(respectively, order-increasing) if for all x € dom(a) == xa < x (respectively, xa > x), is
isometry if | xa — ya | = | x — y | and contraction or compression if | xa — ya | <| x — y |. In this work,
we will investigate the maximal subsemigroups and there number for the semigroup of all order-
preserving and order-reversing partial injective contractions, ODCIj,;.

We denote byCP["] (CT[n]) and Clp,, the semigroup of partial(full) and partial one-one
contractions respectively. The study of semigroups of contraction maps on a finite chain was initiated
by Umar and Al-kharous [3], in which the notations for the new semigroups and its subsemigroups
where proposed. Investigation on some semigroups of contractions were recorded, for details (see [1,
14, 10, 2, 15]). A subsemigroup M of a semigroup S is just a subset that is closed under the operation
of S. A maximal subsemigroup M of a semigroup S is a proper subsemigroup that is not contained in
any other proper subsemigroup, every proper subsemigroup of a finite semigroup is contained in a
maximal subsemigroup[16].

There are alots of papers on finding the maximal subsemigroups of a particular classes of finite
semigroups (for example; [6, 5, 13, 7, 9, 17, 8, 11] ). Ganyushkin and Mazorchuk [4], described the
maximal subsemigroups, maximal inverse subsemigroups and maximal nilpotent subsemigroups of
the semigroup 1Oy, the semigroup of all partial order-preserving injections. Dimitrova and Koppitz
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[13] obtained the characterisation of the maximal subsemigrous of the ideals of 1O(,. In Dimitrova [5]
characterised the maximal subsemigroups of ODPy, the semigroup of all partial order-preserving
isometries a subsemigroup of all partial order-preserving transformations.

In the present work, we obtained the characterisation of the maximal subsemigroups of the
semigroup ODCI,. we will adopt standard notations and consider the use of some definitions in what
follows, this paper is the analogue of Dimitrova [5].

An elament a € ODCIj,j can be written in the following tabular form

a; Qa2 . . . Qp

by by . . . b

o =
, (1<r<n) (1)

bi<aiand | xa —ya | <|x —y |forall i € [n]. we will multiply mappings

from left to right and use the corresponding notation for the left to right compotion of transformations
x(af) = (xa)p, for all o, € ODCI},. Since o is injective | dom(a) | = | im(a) | called the rank rank (o).

2 Ideals and starred Green’s relations

Recall the characterisation of the ideals and starred Green’s relation in [18]

Proposition 1 [[/8], Theorem 1, 2 & 3] Let a €ODClyy, then the principal lefi(right) and two sided
ideals generated by a has the forms
(i) ODCLpa={B € ODCILy: im(B) C im(a)}

(i) aODCL, = {ﬁ € ODCIyy,: dom (B) C dom (a)}

(iii) ODCLy,)aODCLy,) = {B € ODCIy,: rank (B) < rank (a)}
Proof 1 (i) Let a € ODCI, suppose A= {ff € ODCI,: im(f) € im(a)}. If 0

€ ODCI,, we have (x)oa = (xd)a. by [[18],lemma 4] im(da) € im(a) and thus ODCIL, a € A.
Conversely, consider an arbitiry f € A. We have im(f) € im(a). For each b € im(f) choose some ay,
such that (ap)o. = b. Consider a transformation 6 for which dom(J) = dom(p) and such that for x €
dom(f) we have x0 = ay and thus (x)oo. = ((x)0)a = (ap)o. = b, implies that A € ODCI, a as required.

Proof 2 (ii) Let A = {§ € ODCI, : dom(f}) € dom(a)}. Suppose 6 € ODCI, such that, ad = f5, we have
dom(ad) = dom(f), but by [[18],lemma 4] dom(ad) S dom(a) S dom(p), thus, ODCI, € 4.

Conversely, suppose € A and dom(B) € dom(a), implies that there exist 6 in ODCI, such that
= 00 but ad € aODCI,. Hence A < ODCI,.

Proof 3 (iii) Let D= {f € ODCl,: rank (f) < rank ()}, by[[18],Jlemma 4]
(iii) we have ODCL,aODCI, € D. To show that D € ODCIL,aODCI,, let im(a) = {ai,az, . . . ,ar} and f
€ D be such that rank (f) = m, and im(B) = {b1,b,, . . . ,an}. Then m < k and for each i = {1, ...k}

we choose some element ciin the set Ai= {x € X,: (x)a = ai}. Define 1, 6 € ODCl, in the following
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way: dom(A} = dom(S}, im(6} =im(B} and for all yin B={z€X,: 2)f=b;},j=1,..., m, we set (y)A
=ciand (a)d = bij=1. .. m hence lad = p. which implies f € ODCL,aODCI,, thus, D S
ODCI,aODCI,, and hence D = ODCI,aODCI,.

Corollary 1 All two-sided ideals of ODCly,; are principal and form the following

chain:
O0=hchc..cl,cl,=0DCIy 2)

we denote by

Iy = {a € ODCI}y: rank (o) < r}, 0<r<n) 3)

a two-sided ideal of ODCI,;, consisting of elements of rank not more than r.

Next we consider the following results.
Theorem 1 [[/8], Theorem 6] Let a, 5 € ODCl},y, then
1. (a, B) € L* (ODCI[HI) if and only if im(a) = im(pB).

2. (@, B) € R* (ODCLw)) if and only if dom(a) = dom(p).

3. (o, B) € H* (ODCI["])z'fandonly ifa=p

4. D" (ODCTy,)) = J* (ODCLy)

Recall that the relation K on the semigroup ODClI},is defined as

K = R* (ODCIyy)) o L* (ODCIyy)) o R* (ODCLy))

where

K = D* (ODCIy)) = J* (ODCIy,)

The principal factor denoted /./7—1 (1 <r <n) or K U {0} is Rees Quotent, in which the non-zero
elements of /,/I-1 are of rank precisely r. The product of any two elements of /,/7-1 is 0 if it falls into
the lower K-classes, otherwise is of rank 7. Let

K, = {a € ODCL,: rank (o) = 7’} (0<r<n) 4)

It is clear that /.is the union of the sets Ko, K1, . . . , K.

It is obvious that K, contained exactly one element the identity{ L) }

Now, we consider the elements in K,-i-class as follows;
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2 . n
€1 =
2 . n 5)
1 n—1
En =
1 n—1 ©)
1 ... 2—1 24+1 ... n—1
E; = ,(QSZSTL—l)
1 ... 72—1 +4+1 ... n—1 )
1 ... +—1 +4+1 ... n
B = (2<i<n—-1)
1 ... 1—-1 7 n—1 ®)
2 3 . n
’y:
1 2 n—1 ©)

Lemma 1 There are n idempotents in K,-1 of ODCl.

Proof 4 Each K,-class consist of elements of rank r, therefore, "C. gives the number of subsets of
cardinality r which also gives the number of partial identities, hence "C,-i gives the number of
idempotents K,-1-class.

Lemma 2 The set K,-1 contains exactly 2n — 1 elements.

Proof 5 From the above lemma, K,-1-class consist of exactly n idempotents and exactly 1 isometry
which is not an idempotent, any other order-preserving and orderdecreasing partial injective
contractions can form in n — 2 ways, thus we have n + 1 +

n—2=2n-1.

An element o € ODCIj,; is said to be undecomposable if it cannot be express as a product of
elements say J, ¢ € ODCI,;\ {a} such that a = dp. The element 1, is undecomposible in ODClj,;.
However, if a = dp and o € K,,-i then 9, ¢ € K,,-1 and dom(J) = dom(a) also, im(p) = im(a).

Observe that ¢;6,= f;and all other product of the elements in K, are 0, as such, we deduce that;

Corollary 2 The elements in K, are undecomposible in ODCl;.
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Corollary 3 K,-1 S (y, fi:i€ {2, 3, ..., n—1}Ye:i€{l,..., n})
Proposition 2 For each 0 <r<n-—1, K, € (K.+)

Proof 6 Let a € K, be as in equation 1, we show that there exist 0, ¢p € K.+ such that o = dp. We
consider cases for the elements in dom(a) = {a1, a, . . ., a-} and im(a) = {b1, by, . . ., b}, for a; < aj+,
bi< bir1and bi< aifor all i

case (1) if | bin— bi|=|am —ai|all (€ {1, ..., r—1}),
subcase (1.1) (a1,b1 > 1) and (a,,b,= n) then
a—1 a . . . a,
bp—1 by . . . b

subcase (1.2) (a1,b1=1) and (a,,b,= n) then

bi—2 by . . . b,
bp—2 b . . . b,
ap a+1 . . . a,
b, by+1 . . . b

by bu+2 . . . b
bp h+2 . . . b

subcase (1.3) (a;,b;>2) and (a,,b,= n) then

a, a; + 1 . .. A, b1 bi + 2 ... br
o =
by .b;+1 . . . b, bi b;+2 . . . b,
subcase (1.4) (a1,b1=1) and (a,, b, < n) then
ap . . . a a.+1 by . . . b b +2
o =
by . . . b +1 by . . . b. b.+2

case (2) if | b — bi|=| am—ai|=2 forall ( € {1, ..., r—1}) case(2.1) (a,b1= 1), (a, b= n)
and there exist (j,l € {1, .. ., r — 1}) such that

a O
Y= ! a+1bpYH! ..alail a
b ...... ajbj _: 1 g D"
! b+ ..bl bi+1
O
b 0 bivv b b+1 b S br
by o bbb+t by b+l br1o L. b,

subcase (2.2) (a1,b1= 1), (a,b,= n) and there exist (j,l € {1, ..., r— 1}) such
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a ... a; Clj'f‘l Ajr1 oo Qp bl bi bj+2 bi—i—l b,,-
by o b bi+1 by .. by by o b bj+2 by .. b

case (3) if | bisi— bi| =1, | a1 — ai| > 2 for some i. case (3.1) (a,b1=1)
and (a,=n)

a1a1+1...ar b1b1+2...br
by bi+1 . . . b by by+2 . . . b,

a =

case (3.2) (a1,b1=1) and (a,= n)

Ay « + = @Qp_q— 2 a, b1 2 @ @ br—l —1 b,-

by . . . b1 —2 b, by . . . b—1—1 b,

o =

case (3.3) (a1,b1= 1) and (a,= n) there exist (j,l € {1, . .., r— 1}) such that

O
a .

N = . b a; + 1 bjaj+1 ai ar
bl ...... i 4 bt B 0

b,

bj+1

0 g 0
b . bj+l b1 b,

U . b bt 1bh (]
bi .. bb. by +1  bii .. b

case (4) (ai,b1=1), (ar=n,b,=n— 1) there exist (j,l € {1, ..., r—1}) with

case (4.1) | bini— bil= 1, | arni — ai|> 1 such that
O0al...ajai+ 1 aj+1... ar
a=1] |

b1 ... b bi+1 bi+t1 ... br

00 b1... bjbj+ 2 bj+1... br
O O

br ... b b+l bit1 ... b1

case (4.2) | ain— aj|> 1, | b1 — bi[> 1 such that
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ap ... a; aj +1 Ajy1 .. Q (]
o= a,
by .. by bi+1 by .. b .
O b1 O
j j + b,
. br ... b b+ ... b bi 1b1+1 -
bt ... b b+ ... b bi+1 v b1

this completes the proof.

we now have the following

Corollary 4 For0<r<n-—1 1= (K)).
Corollary 5 (K» U K,-1) = ODClp.

3 Maximal subsemigroups

We start with the following lemma which is also found in [4, 5]

Lemma 3 Every maximal subsemigroup of ODCly,) contains the ideal I—.

Proof 7 Let M be a maximal subsemigroup of ODCly,). if K,-1 © M then by corollary 2, I, € 1=
(Ki1) EM. If Kyt & M, then M U I, is a proper subsemigroup in ODCly,; and hence M U I,,= M
by maximality of M. This implies I, € M.

The main result on the maximal subsemigroups of the semigroup ODClIj;.

Theorem 2 A subsemigroup M of a semigroup ODCly,; is maximal if and only if is in one of the
following four forms:

() My, =ODCIy \ {1}

(ii) M,= ODCI,\ {y}.
(iii) M= ODCI;\ {c;} (€ {1,.n).

(iv) Mg= ODCl;\ {f:} (i€ {23,..,n—1}).
Proof 8 Let €, f;and y be defined as in equation 7, 8 and 9. It is clear that My is a maximal
subsemigroup of ODCl|,since

ODCLyy) \ {1[n]} = L1 gpglr—1 U {1[n]} = ODCLp) From corollary 2& 3, we

have the elements the y, p;(i € {2,3,...,n — 1}) and ¢;(i € {1,...,n}) are undecom-
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posible in K, and all the elements are needed to generate K,-i. Therefore, M,, M. and My are
subsemigroups of ODClyu. It is clear that they are maximal since M, U {y} = ODCl};;, MaU {€;} =
ODCI[,,] and Mﬁi U {ﬁ,} = ODCI[,,].

Conversely, let M be a maximal subsemigroup of ODCly,). Then M = 1,,U B, where B C (K,-1 U
K.), from lemma 3. If K, € B then M S M, since Kn= {1[”] }and thus M = My, by the maximality
of M. If K, € B, then K,-1 € B since K-\

S pii€{23 .. ,n—1}e:i€{l,... n}), bycorollary 3, the set B is contained in K, \ {&} for
some € {y fieiii €1{2,3,..., n—1}}. Therefore, M=M,, M= M.and M= Mgfori € {1,.. ., n}, i€
{2,3,...,n—1} by the

maximality M.

Corollary 6 There are exactly 2n — 2 maximal subsemigroups in ODCI,.

Proof 9 The idempotents €\,¢, can be express as product of an identity with another element, thus, we
only consider the n — 2 idempotents, we can form order-preserving and order-decreasing elements in
n — 1 ways and the identity element which give us

n—=2+n—1+1=2n—-2.
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