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Abstract: The focused of this study is to show the solution of the one-dimensional heat equation using
residue theory. One-dimensional heat equations with an initial and boundary value condition was solved
by method of separation of variable of partial differential equation and transformed to second-order
ordinary differential equation. However residue theory was employed to solve the homogenous
differential equations and orthogonality of sine and cosine of Fourier series. In case one (1) and two (2)
the result obtained using residue theory is the same as the other method of solving ordinary differential
equation and both solutions are trivial. In case three (3) the root of the equation is complex therefore
normal method of ordinary differential equations was apply to obtain the result. Residue theory is time-
consuming than the other method of solving ordinary differential equation but is simpler, efficient and
precise than the other methods. In short, the result of one-dimensional heat equation has numerous
applications in physical problems and more often in science and technology innovations; hence the study
recommended that the method should be applied into multidimensional heat transfer equation to solve
scientific and engineering problems.
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1. INTRODUCTION

One- dimensional initial value problem of the heat condition equation is given by

u=ca’u, 0<x<X,t>0

XX

With initial conditions of U(x,0)=f(x) O<x<Xand the boundary conditionu(0,t)=h(t),
U(X,t) = g(t) t>0 and @5 constant. Where f, h, and g are the prescribe functions of the variable.

One-dimensional heat equations with initial boundary condition is considered for time-dependent, the
problems of heat conduction is continuously being studied, and most of the problems are expressed
with homogeneous boundary condition. Altiparmak (2003)

One- dimensional heat equation is of the form atu(x,t) = aaxxu(x,t) 0<x<L,t>0 where u(x,t)
the independent variable and « is a constant coefficient. Peter (2016)
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2. LITERATURE REVIEW

One dimensional heat equation was solved using the method of separation of variable known as Foss
tools; boundary condition was given by the heat equations and algorithms for the maxima program was
used to solve the heat equation. The result obtained from the analytical solution is the same with that of
maxima program and there are numerous methods for the solution of one-dimensional heat equation
apart from the Foss tools and maxima program (Sudha et al., 2017).

Ito’s and Tanaka’s types’ formula related with X was determined to represent its solution of X as
stochastic convolutions and linear stochastic heat equation with additive noise in one-dimensional heat
equation was solved (Mihai et al., 2006).

A numerical solution of diffusion equation with restrictive pade approximations was studied.
The study revealed that it has an advantage in the exact value at certain r, with high accuracy, and yield
good results. According to the findings, comparative solutions with the other method have stayed made
and the result is stable with the exact solution (Boz et al. 2016).

The finite difference method and finite element were used to solve the numerical solution of
one-dimensional heat equation. The finite difference process does not converge frequently to an exact
solution hence the amount of numerical instability was revealed. Finite element method was found to
be the best method when compared with finite difference method to compute the numerical solutions
(Ahmed et al., 2015).

Lattice Boltzmann method was used to solve radiative transfer equations and nonlinear energy
equations. The effect of various parameters was also studied and the result found was compared to be
consistent (Sagwook et al., 2009).

One-dimensional steady-state and transient phonon Boltzmann transport equation and
COMSOL Multi-physics were successfully solved based on finite element and discrete ordinate
methods for spatial and angular discretizations. The sensitivity study was conducted with various
discretization refinements for different values of the Knudsen number, which is a measure of the
Nano-scale regime. Sufficient refinement for angular discretization is critical in obtaining accurate
solutions of the Boltzmann transport equation (Majchraz et al., 2014).

A numerical analysis of heating tissue by the two-temperature model and procedure of heating
tissue is measured, which preserved as a porous medium and is separated into two part that its vascular
“blood vessel” and extravascular “tissue”, The heat conduction in the domain were measured and
described by the two-temperature model which consisting of the system of two coupled equations.
Assumption leads to the model created by the single partial differential equation were made. The stage
of numerical computation has revealed that the assumed porosity of the blood and the tissue
temperature differ slightly, and variant heating has a significant effect on the distribution of the
temperature (Ronggui et al., 2005).

Simulation of Nano-scale Multidimensional Transient Heat Conduction Problems Using Ballistic-
Diffusive Equations and Phonon Boltzmann Equation, different boundary conditions was employed to
compare the simulation results with those obtained from the phonon BTE and the Fourier law, and the
two-dimensional cases are simulated and the results is presented. The transient BTE is solved using the
discrete ordinates method with a two Gauss-Legendre quadratures. Attention has been paid to the
boundary conditions, and the result achieved from BDE is importantly improved than those from the
Fourier law (Jordan, 2018).

Explicit Analytical solution of radiation diffusion equation by the double integrations technique
of the integral-balanced have been creates, the strategy permits approximate closed-form solution to be
created, step modification of the surface temperature and two problems time-dependent boundary
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condition have been solved, and error minimization of the approximate solution has been developed
directly by limitations of the residual function of the governing equations (Suresh et al., 2018).

Analytical and numerical approaches were used in the correlation of the solution of two-
dimensional steady-state heat conduction, the result obtained shows that the finite element are in good
agreement with the analytical values and the solution reveals that it can be successfully used in complex
thermal problems (Yang, 2016).

on the study of three dimensional heat equation, the solution shows that the process is highly
consistent with the true fact and also the simulation is feasible and reliable by using MATLAB, it is reveal
that the model is of universal value in solving the three dimensional heat equations. Hon et al (2005)

The numerical simulation analyses show that, the improved strategy of fourth-order
convergence is effectively reduces the iterative number, and the results of numerical simulation
experiments show that the inverse values match the exact values (Karamanli et al., 2012).

Symmetric smoothed particle hydrodynamics (SSPH) process was used to make the basic
functions to solve 2D homogeneous and non-homogeneous steady-state heat transfer problems.
Investigations are complete with the results obtained by using different weight functions and particle
numbers. The error norms for three sample problems are computed by the use of two different kernel
functions such as the revised Gauss function and revised super Gauss function, and the revised super
Gauss function yields the smallest error norm. It is observed that the SSPH technique yields large errors
for non-homogenous problems (Paulino et al., 2018).

Two applications were associated to prove the accurateness of the proposed formulation; it was
observed that both spatial and time modifications were effective. The errors obtained in cylindrical and
spherical coordinates were low and satisfactory, in both applications established [16].

Most of the cited literature they did not apply the method of Cauchy residue theory in the
solution of one dimensional heat equation, in other to solve problems. But they applied various
methods to solve it.

3. METHODOLOGY

One dimensional Heat Equation

‘Z_l:: kg_)z(l: u(X,t), u(O,t):u(I,t):Oand u(X,0)= f(X)

Separation of variable

Let u(x,t)= X (x]T(t)

u=XT

u(o,t)=00 X(0JT(0)=0 Ot and O X(0)=0
u(l,t)=00 X()T()=0 Ot and O X(1)=0
g—l:—XT nd %—XT gTU_X"T
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XT'=KX"T
L=X—:R Where Ris constant [0 X'"-Rx=0
KT X

Case 1. R=4>0,and A >0 is positive
X"=A*X =0 This is second order ordinary differential equation

Cauchy’s method for solving ordinary differential equations by residue theory was
presented and to find the general solution for linear homogeneous differential equations with
constant coefficients

Cauchy's technique for solving differential equations make use of buildup math was
acquainted and with locate, the general solution for linear homogeneous differential equations
with constant coefficients

n n-1 '
agy *tay TH--+anqy+any=0 (1)
Where @, =1 and a ] =123, aregiven constants.

Theorem 1
Consider the differential equations with constant coefficients.

n n-1 '
y +tay “+--ta,qy+apy=0 (2)
Let f be an arbitrary function of the complex variable z, whose zeros do not coincide
with the zeros of the polynomial

g(z) - Ny alzn—l + aZZn_ +.+a, 4Z+ap (3)
Then the general solution of (4.2.2) is given by
F (x)e C
y(x) =3 res=
Jl2) @)

We now show that (4) is a solution of the homogeneous differential equation (2). We assume
that
F (x)e™ C
y=2resg—— 5[
7oz
Then
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F (x)e™ oL
y' —Zrest-li zr
dJolz) T
K OF (x)e® «C
=Jresg——~7~—Z [ (k =1,2,3..n)
0oz L
Hence
y"+ alyn_l tootapgy+any (5)
Df(z)ezx nU Df(z)ezx n-1U Df(z) [ Df( ) XL
=YResg——~F~—z [fryq2Resg——F~—2z [t +a_1ZResgizD+anZResD7[
o 0O oz O 1 o(2) 0ol ¢
5 (2) o 1 3 (2)

=2 Res%e (Zn Tz e tan gzt an)H: 2 RQSE@@ZXQ(Z)E
=3 Res[f (z)ezx] =0

Since f(z) is analytic. Thus, (4) is indeed a solution of (2), i.e. (4) is a general solution

By the above theorem
e r%Df(z)[
=Y Rk
ZZ-¥=0 0 z=Aorz=-1
X x)zras%ﬁeZX i%res 1:(Z)ezx AE
g(z) g(z)

X =time 2 5y e A )

X(x)= fl2)e” ( Z)eﬂx Where A—M and B = f(-2)
21 —2/1 22 Y

X(x)= Ae¢” +Be™ at x=0and X(0)=0 O A+B=0 O A=-B
X()=00 Ae" +Be” =0 and Al¢® -1)=0, 1>0>0
If A=0Bis alsois zero B =0 which is trivial
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Case2if R=0 O X"=0integrate twice then the solution becomes
X=Ax+B if X(O)=O U 0=A+B since A=0andalso B=0, Again X = AX

X()=00 0=Al+B but B=0 o
Therefore solution is trivial

OA=0 0O A=0

Case3 R=-12<0, 1>0

+1%> =00 m==il Apply Bromwich integral

x)= Acosix+Bsinix and x=0 0 X(0)=0 A=0
)

1)=0 O Acosal +BsinAl =0 But A=0

OAl=nz O /1=”|_” N=123"
X(x):Bsinﬂx:BsinWXE
ol C

=B snén—xE

L—R O T'=kRT if R=-4
KT

~kA°T

_ o _ —kn’z?
m= kénl—g— E

- knzzrzt

Tlt)=ce” n=123--

u(x,t)= X(x)T(t)
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u(x,t)= Zv aninéﬁgne_m';t Let B.c, = A,

u(x,t)= S A]sinémgk'nZZ”Zt since u(x,0)= f(x)

= 0|
Note that
If(x)sinEn—ﬂxBIx:{? n#m
o 0l 0 L n=m
| T | T T
J;f(x)snén:—x%jo;sngl—xgan I xgdx

A v = I _24 . hr
u(x t)—n_ A‘Smml xge since A, I'[Of(x)sméhl—x@x
4. RESULT
Problem1l

4, =u, 0=sx<2 t>0
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u(0,t)=0

u(2,t):O
u(x,0) = anBﬂ—XB—sn )+4sin(22x) = f(x)

Solution

Let u(x,t) = X(x)T(t)
u=XT

(2,t)=u(x,0)=0

c

—4T(t):x_:R

Tk) X

ﬂ—RD AT'-RT =0 and X—ZRD X"-RX =0
T X

Case 1 R=#>0, A >0 s positive

X"-2X =0

By residue theorem

X(x)= res%%e”,ﬂ %r res%%e”,—ﬂ%

X (x)= le(z l)( /g() )+Iim(z+,1)ﬂ
)

24 (z-2)(z+4)

—ix

=g 1

21 ¢ Tt
X(x)= Ae™ +Be™
X(0)=0 O A+B=0 0O A=-B

X(2)=0 0O Aé*+Be®* =0 butA=-B

journals@arcnjournals.org

8|Page


mailto:journals@arcnjournals.org

International Journal of Pure & Applied Science Research

0 A& -Ae? =0 0 A¢¥-e%)=0

A =0, B =0 which trivial

Case 2.1fR=0

X"-RX'=0

X"=0

X(x)= Ax+B

X(0)=0 0 B=0 0OX(x)=Ax

X(Z):O [0 2A+B=0 but B=0, A=0 Therefore the solution is trivial

Case3if R=-4*<0

X"+1?X =0 By ordinary differential Equation the solution will become
X (x) = AcosAx+Bsin Ax

X(0)=0 A+0=0 O A=0 X(x) = BsinAx
X(2)=0 O Acos2i+Bsin24=0 ButA=0 Bsin24=0
sn21=0 , ,1=”7” N=123...

Xn(x)=sin§hx7”E

ﬂ =R T'= ET
T 4

=i
T(t)=ce*

M o -n’z?t
T(t)=ce ® =Y BsnZte ®

= 020

u(x,t)= S A sin ﬂXEe_nlzgzt

= 020
u(x,0)= f(x)
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i : X
=5 A snP2E
2 Ao L
=— J’ f s th— Bix

3

J‘Z%snﬁﬂ—xﬁ—sn 7X)+4sin 27zX %n@—@x

02

IanBﬂ—XEsnELEix Ism )sin 7 x+J;24sin(27zx)siné%§ix

02

Which is Fourier sine series and we have use orthogonality of the series, that is

0 m#n
Lo T WSy
°c OL O OL O EE’ m=n

Where L = 2, to solve for the individual Iy, =0 except forn=1,2,4
bh=2 b=-1Lb,=4 andb, =0 [n

- -ﬁa
anBﬂ—XEelﬁ —sin(zx)e ¢ +4sin(2nxr)

Problem 2

u(0,t)=0

ux(ﬁ,t):O
u(x,0) = 3siné% Qz f(x)
X ()T (t)=a”X" ()T (t)

Xll_ Tl

X  aT

X"-XR=0and T'-a’TR=0
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Case 1if R=4*>0, A > 0is positive
X"=1?X =0 by residue theory
X(x)=Ae*+Be™ andsince X(0)=0 0O A+B=0 OA=-B
X(r)=0 O Ae”+Be* =0
0 A¢"-Ae” =0
Ag™-e*)=0 1>0, z>0
Case2 R=0 0 X"=0
X(x)= Ax+B X(0)=0 0O B=0 and X(x)=Ax
X(ﬂ)=0 Ar+B=0 But B=0 and A=0 therefore the solution is trivial
Case3 R=-1?<0, 1>0
X"+2X =0
X (x) = AcosAx+BsinAx X'(x) =-AlsinAx+ BAcosix
X(0)=0 O A=0
X (x) = BsinAx
X(z)=0 O Acosir+Bsiniz =0
X(z)=BsinAx
Bsniz =0

(2n-1)
2

Ar =

1= 2n2—1 n=123,.

xn(x)=aninEQn—_15<
020
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T2 =R O T'=Ra’T
a‘T
T(t) = ceR®
Frifa

T)=Ce-

un (X’t) = XnTn

@ - Rl
u(x,t):Zanin n2 15(%,@—5 20

Problem3 u, =u, 0<x<2r7, t>0
u (0,t)=0

u (27,t)=0

u(x,0)=x= f(x)
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r_x
T X
X"-RX =0 and T'-RT=0

Case1 R=47>0

X"=22X =0 by residue theory we have

X (x)= Ae™ + Be™

X'(x)= AMe™ - Bie™

X'(0)=0 OA=BAlso X'(21)=0 A=B=0
Case2if R=2°=0

X"=0Then X(x)= Ax+Band X'(x)=A
X'(0)=0 A=0and X'(27)=0 A=0

Case3 R=-1<0 A>0

X(x)= AsinAx+Bcosix and X'(x)= AsinAx - Bsinix
X'(0)=0 A=0

X(2z)=0

AsinA2z-BsinA27 =0 but A=0
~BAsinA27=0 and zzg n=123-

X(x)= Asin Ax+BcosAx  we have X(x)= BcosAx

X, (x)= BCO%XE

;: R therefore the solution will now become Tn(t) = CneTt

-n%

U, (x,t) = X, ()T, (t) = Cos%x%4
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-n?t

u(x,t) :%+ 2& cos%xge 4

_A LS
u(x,0) ==+ nZ:’A] COS%XE

2
Which we find the exploiting the orthogonality of cosine of cosines

DO m#n

IcosEn—VB:osBLde r m=nz0

Hz b Eb;zmno

1 2r X 1Px . 2r 2
A“:;J; xcos@%%ix— [—1—smED J’—s Bn—ﬁixE

7Z'Dn

:1 s E;cosﬁn— 1 X
7Z'Dn DZ 0 n 7r 2

-4 Qom0 4 _
A= H:os%@—l ——fcosm~1]

n
Forniseven A, =0, nis odd we have A = —8 Therefore A, =0and A, =8 _
n’z " i 7[(2m—1)2
-1 ”de=i[47r2 =z
2

U : | COSE(Zm—l)x ny me)ZIE

g, 8w 1 2COSE(zm—l)xE
r&lm-17 0 2 C

5. Conclusion
One-dimensional heat equations with an initial and boundary value condition is solved
by method of separation of variable of partial differential equation and transformed to
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second-order ordinary differential equation at time level and residue theory was
employed to solve the homogenous differential equations and orthogonality of sine and
cosine of Fourier series was used. In case one (1) and two (2) the result obtained using
residue theory is the same as the other method and both solutions are trivial. In case
three (3) the root of the equation is complex therefore normal method of ordinary
differential equations was apply to obtain the result. Residue theory is time-consuming
than the other method but is more simple, efficiency and precisely than the other
method. In short, the result of one-dimensional heat equation has an application in
many physical problems and come frequently in science, technology and innovation. It
has been recommended that the method should be applied in multidimensional heat
transfer equation to solve scientific and engineering problems.
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